In this paper, the applicable range of the fourth-moment method for structural reliability is investigated and a simple fourth-moment reliability index is suggested. In the applicable range of the fourth-moment method, the simplicity and efficiency of the simple fourth-moment reliability index are demonstrated through several examples.
Introduction
The main objective of structural reliability analysis is to evaluate the probability of failure of structural systems. For a performance function z=G(X), if the probability density function (PDF) of z is f z (z), then the probability of failure, P f , can be expressed as (Ang and Tang 1984) where X is a vector of random variables representing uncertain quantities, and G(X) is the performance function defined such that G(X)≤0, the domain of integration, denotes the failure set.
Generally, the PDF of z is difficult to obtain, while in many cases, the central moments of z may be easily determined. By finding the relationship between the failure probability and the central moments, the failure probability can be evaluated.
Without loss of generality, the performance function z=G(X) can be standardized as where μ G and σ G are the mean value and standard deviation of G(X), respectively. Then Eq. 1 can be expressed as, that is, where is the second-moment (2M) reliability index.
If z=G(X) is a normal random variable, β 2 M is correct, and the failure probability can be expressed as where Φ is the cumulative distribution function (CDF) of a standard normal random variable.
When z=G(X) is a non-normal random variable, the reliability index expressed in Eq. 5 is usually not correct, and the first two moments are inadequate, making high-order moments invariably necessary.
Recently, the fourth-moment (4M) method (Zhao and Ono 2001) for structural reliability assessment was suggested. The method, being simple, has no shortcomings with respect to design points of the First-Order Reliability Method (FORM), and requires neither iteration nor the computation of derivatives; thus, it is convenient for application to structural reliability analysis. However, the method has not been adequately investigated yet. One of the main problems is the applicability of this method (Xu and Cheng 2003) . In addition, the expression of the proposed 4M reliability index is too complicated for engineering use.
The objectives of the present paper are to investigate the applicable range of the 4M method for structural reliability and to suggest a simple 4M reliability index for practical application. The applicable range of the 4M method is obtained through investigation of the differences between two 4M methods. Within the applicable range, it is found that the simple reliability index can provide suitable results, and it is therefore suggested as a simple 4M reliability index. Because only the first four moments of the performance function are used and it is unnecessary to know the probability distribution of the basic random variables, the present method should be practical in engineering. Several examples are illustrated to demonstrate the efficiency of the present 4M reliability index in the applicable range.
Review of 4M Reliability Indices
The According to Eq. 4, the reliability index based on the Pearson system is given as where β 4M is the 4M reliability index. Hereafter, the reliability index expressed by Eq. 8 is denoted as β 4M-1 .
The PDF of z u is as follows, depending on the values of the parameters a, b, c, and d. For
where K is determined from F(+ ∞ )=1, and Note that when α 3 G =0 and α 4 G =3, z u becomes a standard normal variable; in this case, β 4M =β 2M .
The 4M reliability index based on the cubic normal distribution
For a standard random variable z u as described in Eq. 2, with only the first four moments being known, the u-z u transformation is given as (Fleishman 1978) where S u is the function of u; u is the standard normal random variable; and a 1 , a 2 , a 3 , and a 4 are deterministic coefficients that are obtained by making the first four central moments of S u (u) equal to those of z u , i.e., According to Eqs. 10b-10e, the parameters a 1 , a 2 , a 3 , and a 4 can be obtained by using common subroutines of nonlinear equations such as the "FindRoot" function in "Mathematica" software (Wolfram, 1999) . After the parameters a 1 , a 2 , a 3 , and a 4 are determined, according to Eq. 4, the 4M reliability index based on Eq. 10a can be obtained as where β 4M is the 4M reliability index and S u -1 is the inverse function of S u . Here, the reliability index expressed by Eq. 11 is denoted by β 4M-2 .
Applicable Range of the 4M Method
Obviously, the 4M method is an approximation method, and thus it is expected to have a range of application. The representative PDFs of the distributions determined by the first four moments (here the Pearson system is used) are depicted in Figs.1. and 2. From Figs.1. and 2., one can see that the left tail of the PDF is long for negative α 3G , and the right tail is long for positive α 3G . Because the failure probability is integrated in the left tail according to Eq. 4, it is easy to understand that the 4M method is more suitable for a negative α 3G than a positive α 3G .
One can see clearly form Eq. 10a that the first four moments only determine a third polynomial of u. Therefore, the 4M method may not be applicable to a performance function with more than a third of the power of u, because it is difficult to approximate a performance function with more than a third of the power of u by using the third polynomials of u.
Because a practical reliability problem should have only one solution, both the 4M reliability indices are expected to give similar results of failure probability for a specific reliability problem. If the relative differences between β 4M-1 and β 4M-2 are beyond an allowable value, it is thought that the 4M method is out of its applicable range. Conversely, the applicable range of the 4M method can be determined by the rule that the relative differences between β 4M-1 and β 4M-2 are below the allowable value.
From Eqs. 8 & 11, one can see that although β 4M-1 and β 4M-2 are based on different probability distributions and described by different forms, they are all functions of β 2M , α 3G , and α 4G . Thus, the applicable range of 4M reliability index will be determined using β 2M , α 3G , and α 4G as parameters.
β 4 M-1 and β 4 M-2 changes with respect to β 2 M are depicted in Fig.3 . From Fig.3 ., one can see that for a positive α 3G , the smaller the β 2M , the smaller the differences between the two 4M reliability indices, and the smaller the α 3G , the smaller the differences between the two 4M reliability indices. For a negative α 3G , β 4M-1 is in close agreement with β 4M-2 in the whole investigation range, and both of them become closer to β 2M with the decrease of β 2M or |α 3G |. One can clearly see that the differences between the two indices for a positive α 3G are much larger than those for a negative α 3G . This is because the 4M method is more suitable for a negative α 3G than a positive α 3G , as described earlier.
β 4 M-1 and β 4 M-2 changes with respect to α 3 G are depicted in Fig.4. From Fig.4 ., again, one can see that for a negative α 3G , β 4M-1 and β 4M-2 are almost the same, but for a positive α 3G , β 4M-1 and β 4M-2 are in close agreement when α 3G is small; however, as α 3G becomes larger the differences between β 4M-1 and β 4M-2 become remarkable. and β 4M-2 are almost the same when α 4G approaches 3; however, as α 4G becomes larger the differences between β 4M-1 and β 4M-2 become remarkable. One can also see that the differences between the two indices for positive α 3G are much larger than those for negative α 3G , especially when |α 3G | is relative large.
The relative differences between β 4M-1 and β 4M-2 with respect to α 4G are depicted in Fig.6 . The relative difference is given as From Fig.6 ., one can see that the relative differences between β 4M-1 and β 4M-2 increase with the increase of α 4G for both positive and negative α 3G .
Some ranges of α 4G for which the relative differences between β 4M-1 and β 4M-2 are less than 2% are listed in Table 1 . Using the means of non-linear fit with a large amount of data like Table 1 ., when the relative difference r is 2%, the applicable range of the 4M method is given as follows. Finally, the applicable range of the 4M method is shown in Fig.7 . according to Eq. 13.
Simplification of the 4M Reliability Index
Although the parameters in the expression of the 4M reliability index based on the Pearson system (β 4M-1 ) can be directly determined by the first four central moments, there are several kinds of probability density function in close form and furthermore, in order to obtain K in Eq. 9, the integration is necessary, as described earlier. On the other hand, the 4M reliability index based on the cubic normal distribution (β 4M-2 ) has a single expression, but the parameters should be determined by solving nonlinear equations. For obvious reasons, the 4M reliability index should be as simple and accurate as possible for users or designers.
In the present paper, the Winterstein formula (1988), having a close form and explicit expression, is used, and is expressed as in which Thus, the 4M reliability index based on Eq. 14 can be expressed as follows:
where Hereafter, the fourth moment reliability index defined by Eq. 15 is referred to as β 4M-3 .
The comparison between β 4M-2 and β 4M-3 with respect to α 4G are shown in Fig.8 . for α 3G = -0.6, -0.3, 0.0, and 0.3. From Figs.7. and 8., one can see that in the applicable range β 4M-3 approximates β 4M-2 well except when β 2M is very large. Thus, β 4M-3 is a simple 4M reliability index suggested for practical application in engineering.
Numeric Examples
In order to investigate the efficiency of the suggested method, several examples are examined under different conditions.
Example 1. Reliability analysis involving variables with unknown probability distribution
In the first-or second-order reliability method, the distributions of the basic random variables are necessary to perform the normal transformations (the x-u transformation and the u-x transformation). Usually, in practical applications, the distributions of some of the random variables are unknown, and the probabilistic information may be defined only in terms of the respective first few statistical moments. With the aid of the Winterstein formula and its inverse transformation, first-or second-order reliability analyses can be conveniently performed using the first four moments in the u-x and x-u transformations.
Furthermore, random samples of variables can be easily generated using Eq. 14 for Monte-Carlo For illustration, consider the following performance function of a steel column where A is the section area, Y is the yield stress, and C is the compressive stress. The CDFs of A and Y are unknown, and the only information about them is their first four moments Since C is a lognormal variable, the skewness and kurtosis of C are known as α 3C =1.264, α 4C =5.969. Using the first four moments of A, Y, and C, the first four moments of G(X) can be readily obtained as μ G = 118.910, σ G =49.085, α 3G =-0.578, and α 4G =4.41.
With the aid of Eq. 5, the 2M reliability index and its corresponding probability of failure are readily obtained as β 2M =2.423 and P f =0.0077. And the thirdmoment (3M) reliability index (Zhao et al. 2006b ) is readily obtained as β 3M =2.096 with P f =0.01804.
Since β 2M =2.423, according to Eq. 13d the applicable range of the 4M method is obtained as
Apparently, for this example, α 3 G =-0.578, and α 4G =4.41 are in the applicable range.
The 4M reliability index can be obtained as follows:
Although the CDFs of A and Y are unknown, since the first four moments are known, the u-x and x-u transformations can be easily realized using the Winterstein formula and its inverse transformation instead of the Rosenblatt transformation, and FORM can be readily conducted with results of β FORM =2.079 and P f =0.0188. Furthermore, using Eq. 14, the random sampling of A and Y can be easily generated without using their CDFs and MCS can be thus easily conducted. The probability of failure of this performance function is obtained as P f =0.0188 and the corresponding reliability index is equal to 2.079 when the number of samplings is taken to be 10,000. One can see that the results of the present 4M method are in closer agreement with the results of MCS and FORM than those of the 3M method.
Example 2. Reliability of a six-story three-bay frame
The second example is an elasto-plastic frame structure with six stories and three bays, with the probabilistic member strength and load (mean value and coefficient of variation) listed in Table 2 . The most likely failure model of this structure is shown in Fig.9 ., and the corresponding performance function is Because all of the random variables in the above function have a known PDF (or CDF), the reliability index can be readily obtained by using FORM. The FORM reliability index is β FORM =3.100, which corresponds to a failure probability of P f = 0.000968.
The skewness α 3 and kurtosis α 4 of the variables of member strength and load are also listed in Table  2 . Since G(X) is the linear sum of the basic random variables, the first four moments of G(X) are readily obtained as μ G =619, σ G =154.285, α 3G =-0.694, and α 4G =4.084.
The 2M reliability index and its corresponding probability of failure are readily obtained as β 2M =4.012 and P f = 3.01×10 -5 with the aid of Eq. 5. The 3M Using Eq. 15, the 4M reliability index is readily obtained as β 4M =2.862. The corresponding probability of failure is equal to 0.0021.
Using the MCS method with 500,000 samples, the probability of failure for this performance function is obtained as 0.0016 with corresponding reliability index of β=2.948. One can see that the proposed 4M method provide better results than FORM and the 3M method for this example. Example 3. System reliability of a brittle truss structure
The third example is a brittle truss with one story and one bay, shown in Fig.10 . We assume that the individual components of this truss system will fail through fracture, and it thus is a brittle system. The member strength T i and loads F i are independent lognormal random variables and their statistics are as follows: mean values are μ T1 =μ T2 =40t, μ T3 =10t, μ T4 = μ T5 =20t, μ F1 =7t, and μ F2 =2t; standard deviations are σ T1 =σ T2 =6t, σ T3 =1.5t, σ T4 =σ T5 =3t, σ F1 =2.1t, and σ F2 = 0.6t. There are five failure modes of this truss structure shown in Fig.10 . with respective performance functions in the following.
The performance function of the system can be defined as the minimum of the above; i.e., Using the point estimates method (Zhao and Ono 2000) , the first four moments of G(X) are approximately μ G =8.972, σ G =3.732, α 3G =-0.165, and α 4G =3.752.
Using Eq. 5, the 2M reliability index is obtained as β 2M =2.404 with P f =0.00811. The 3M reliability index is obtained as β 3M =2.288 and its corresponding probability of failure P f =0.0111.
Since If the proposed method is used, using the point estimates method (Zhao and Ono 2000) , the first four moments of G(X) can be easily obtained as μ G =4.495, σ G =1.229, α 3G =-0.555, and α 4G =4.3684.
The 2M reliability index and its corresponding probability of failure are readily obtained as β 2M =3.657 and P f = 0.000128 with the aid of Eq. 5. The 3M reliability index and its corresponding probability of failure are obtained as β 3M =2.946 and P f = 0.00161.
Since β 2M =3.657, according to Eq. 13d the applicable range of the 4M method is obtained as
Apparently, for this example, α 3 G =-0.555, and α 4G =4.3684 are in the applicable range.
Using Eq. 15, the 4M reliability index is readily obtained as β 4M =2.722. The probability of failure corresponding to the 4M reliability index is equal to 0.00324. Apparently, for the proposed method there is no worry about the problem of multi-design points.
The reliability index using MCS obtained by Der Kiuregian and Dakessian (1998) is β=2.751, and the corresponding failure probability is 0.00297. One can see that the results of the proposed method are in close agreement with the MCS results, whereas the 3M reliability index has a relative error of 6.88% with the The fifth example considers a simple reliability problem, shown in Table 3 ., in which both R and S are lognormal variables with mean value, standard deviation, skewness, and kurtosis of μ R =150, σ R =15, α 3R =0.301 and α 4R =3.1615, μ S =100, σ S =15, α 3S =0.453, and α 4S =3.3677. Because both R and S are positive, the four performance functions listed in Table 3 . are equivalent. The first four moments of the performance functions obtained using the point estimates method (Zhao and Ono 2000) are listed in Table 3 . with the results of the 2M, 3M, and 4M methods.
From Table 3 ., one can see that although the 2M reliability index is very different for the different formulations, the 3M and 4M reliability indices are insensitive to the formulations. However, as shown in Table 3 ., since the first four central moments are sensitive to the formulations of the limit state, it is possible that the reformulation of the performance function may cause the skewness and the kurtosis to exceed the applicable range of the fourth moment method. Therefore, the insensitivity of the method to formulation of the performance function should be limited to the applicable range of the method.
Conclusions
T h e a p p l i c a b l e r a n g e o f t h e 4 M m e t h o d s i s determined, and a simple 4M reliability index is suggested to conduct structural reliability analysis in structural engineering. It is found that:
(1) The suggested simple 4M reliability index generally gives suitable results within its applicable range, and is recommended as the reliability index for the fourth-moment method.
(2) The probability of failure can be computed by using the 4M method, even when the CDFs or PDFs of random variables are unknown.
(3) The 4M method is more suitable for a negative α 3G than for a positive α 3G .
(4) The 4M method is generally inapplicable to a performance function with more than third power random variables.
(5) The 4M method is insensitive to the formulations of the performance functions within its applicable range.
(6) Although the 4M method is more complicated than the 3M method, the 4M method can generally provide better results than the 3M method. Table 3 . Formula insensitivity of the 4M method
